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THE GROWTH SEQUENCE OF SYMPLECTOMORPHISMS
ON SYMPLECTICALLY HYPERBOLIC MANIFOLDS
YOUNGJIN BAE
Abstract. We study the growth rate of a sequence which measures the uniform norm of
the differential under the iterates of maps. On symplectically hyperbolic manifolds, we show
that this sequence has at least linear growth for every non-identical symplectomorphisms
which are symplectically isotopic to the identity.
1. Introduction
Let (M,g) be a closed connected Riemannian manifold. Given a diffeomorphism ϕ on M ,
its growth sequence is defined by
Γn(ϕ) := max
(
max
m∈M
|dϕn(m)|g, max
m∈M
|dϕ−n(m)|g
)
, n ∈ N.
Here the norm of the differential is given by the operator norm. The explicit value of the
growth sequence is hard to compute. With the following terminology, however, we measure
the growth rate of Γn(ϕ). Given two positive sequences an, bn : N → [0,∞), write an . bn if
there exists c > 0 such that an ≤ c(bn + 1) for all n ∈ N.
We investigate Γn(ϕ) for symplectomorphisms ϕ in the identity component of the group
of symplectomorphisms Symp0(M,ω) of a symplectic manifold (M,ω). Polterovich proved
in his beautiful paper [Pol] many interesting results about the growth type of Γn(ϕ) for ϕ ∈
Symp0(M,ω)\{1l} on a closed symplectic manifold (M,ω) with π2(M) = 0. Among them, the
following result is related to this article: A closed symplectic manifold (M,ω) with π2(M) = 0
is called symplectically hyperbolic, if the symplectic form ω admits a bounded primitive on
the universal cover p : M˜ →M . For symplectically hyperbolic manifolds (M,ω), Polterovich
showed that Γn(ϕ) & n when ϕ ∈ Symp0(M,ω) \ {1l} has a fixed point of contractible type.
The existence of fixed points with positive action difference is crucial in his proof. When ϕ
is a Hamiltonian diffeomorphism, the existence of a fixed point is obtained from Floer’s proof
[Fl] of Arnold’s conjecture and another fixed point with different action is established in the
work of Schwarz [Sch] by using Floer homology. For a non-Hamiltonian symplectomorphism,
the flux does not vanish, see Definition 2.7. This guarantees a second fixed point with different
action.
In the 2-dimensional case, i.e. a closed oriented surface Σg of genus g ≥ 2, see Example
2.4, we know that there exists a fixed point of ϕ ∈ Symp0(Σg, ω). In [Gro1], Gromov proved
that (−1)nχ(M) > 0 for a symplectically hyperbolic manifold (M,ω) which is Ka¨hler. Using
this non-vanishing of the Euler characteristic, one can also obtain a fixed point of contractible
type of ϕ ∈ Symp0(M,ω) as in [Pol, Example 1.3.C]. In the above cases, we hence conclude
Γn(ϕ) & n for ϕ ∈ Symp0(M,ω) \ {1l}, but to the best of my knowledge there is no known
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result about the existence of fixed points of ϕ on symplectically hyperbolic manifolds in gen-
eral. We will prove the following statement that does not depend on the existence of a fixed
point.
Main Theorem. Let (M,ω) be a symplectically hyperbolic manifold. If ϕ ∈ Symp0(M,ω) \
{1l}, then Γn(ϕ) & n.
A direct consequence of Main Theorem, followed by [Pol, Corollary 1.1.D], gives us ob-
structions to representations of certain discrete groups such as SL(n,Z) with n ≥ 3 into
Symp0(M,ω) of a symplectically hyperbolic manifold (M,ω). A more precise statement is
the following: Let G be an irreducible non-uniform lattice in a semi-simple real Lie group
of real rank at least two. Assume that the Lie group is connected, without compact factors
and with finite center. Then every homomorphism G→ Symp0(M,ω) has finite image when
(M,ω) is a symplectically hyperbolic manifold. See [Pol, Section 1.6] for details.
Our main tools are the mapping torus construction and the cofilling function of the twisted
Hamiltonian structure which will be introduced in the following section. We interpret the
non-trivial flux of non-Hamiltonian diffeomorphism as a certain type of cofilling function.
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word of encouragement. I appreciate Peter Albers, Felix Schlenk and Jungsoo Kang for their
helpful comments. I am also thankful to anonymous referee for detailed corrections. This
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2. Preliminaries
2.1. Cofilling function.
Definition 2.1 ([Gro2], [Pol]). Let σ ∈ Ω2(M) be a closed 2-form such that σ˜ ∈ Ω2(M˜ ) is
exact. Let Pσ be the space of all 1-forms on M˜ whose differential is σ˜. Pick a point x ∈ M˜
and denote by Bx(s) the ball of radius s > 0 with respect to g˜ which is centered at x. Then
the cofilling function uσ : [0,∞) → [0,∞) is defined by
uσ(s) = uσ,g,x(s) := inf
θ∈Pσ
sup
z∈Bx(s)
|θz|g˜.
Here the norm of a differential form is
|θz|g˜ := max{θz(v) : ‖v‖g˜ = 1}.
Given two functions f, g : [0,∞) → [0,∞), we write f . g if there exists c > 0 such that
f(s) ≤ c(g(s) + 1) for all s ∈ [0,∞), and f ∼ g if f . g, g . f . If we choose another
Riemannian metric g′ on M and a different base point x′, then uσ,g,x ∼ uσ,g′,x′ . This means
that the growth type of the cofilling function is an invariant of the closed 2-form σ.
Proposition 2.2. The growth type of the cofilling function only depends on the cohomology
class.
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Proof. Let σ, σ′ be closed cohomologous 2-forms on a closed manifold M with σ˜, σ˜′ exact.
There exists a 1-form ξ such that σ′ = σ + dξ. We fix x ∈ M˜ and compute
uσ′(s) = inf
θ∈Pσ′
sup
z∈Bx(s)
|θz|g˜
= inf
θ∈Pσ
sup
z∈Bx(s)
|(θ − ξ˜)z|g˜
≤ inf
θ∈Pσ
sup
z∈Bx(s)
|θz|g˜ + sup
z∈Bx(s)
|ξ˜z|g˜
≤ inf
θ∈Pσ
sup
z∈Bx(s)
|θz|g˜ +max
z∈M
|ξz|g
=uσ(s) + C,
where C = maxz∈M |ξz|g. In a similar way we obtain uσ(s) ≤ uσ′(s) + C. Hence uσ(s) ∼
uσ′(s). 
Example 2.3. Consider the standard symplectic torus (T2n = R2n/Z2n, ω = Σni=1dxi ∧ dyi)
with the metric induced by the Euclidean metric on R2n. Since ω˜ = d(Σni=1xidyi) ∈ Ω
2(R2n)
and Σni=1xidyi has linear growth with respect to the Euclidean metric on R
2n, it follows that
uω(s) . s.
For any primitive α ∈ Ω1(R2n) of ω˜, we obtain
πn
n!
s2n =
∫
Bx(s)
ω˜ =
∫
∂Bx(s)
α ≤ sup
z∈∂Bx(s)
|αz| ·
∫
∂Bx(s)
1 ≤ sup
z∈∂Bx(s)
|αz| ·
2πn
(n− 1)!
s2n−1.
This implies supz∈Bx(s) |αz| ≥
s
2n and hence we conclude that uω(s) ∼ s.
Example 2.4. Let (Σg, ω) be a closed oriented surface of genus g ≥ 2 with a volume form.
First represent M as H/G, where H = {x+ yi ∈ C : y > 0} is the hyperbolic upper half-plane
and G is a discrete group of isometries. Without loss of generality, we may assume that the lift
ω˜ of ω to the universal cover H coincides with the hyperbolic area form 1
y2
dx∧ dy. Note that
ω˜ = d
(
1
y
dx
)
and 1
y
dx is bounded with respect to the hyperbolic metric ds2 = 1
y2
(dx2+dy2) on
H. By the definition, (Σg, ω) is a symplectically hyperbolic manifold and every symplectically
hyperbolic manifold satisfies uω(s) ∼ 1.
Proposition 2.5. Let M , N be closed manifolds and let h : N → M be an immersion. Let
σ ∈ Ω2(M) be a closed 2-form which is exact on M˜ , then uh∗σ(s) . uσ(s).
Proof. Let g be a Riemannian metric on M , then h∗g gives a Riemannian metric on N . We
then have the following commutative diagram:
(N˜ , h˜∗g˜)
h˜ //
pN

(M˜, g˜)
pM

(N,h∗g)
h // (M,g)
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where [˜−] are the lifts of [−] to the universal covers. Now choose a primitive θ ∈ Ω1(M˜) of
σ˜, then h˜∗θ ∈ Ω1(N˜) is a primitive of h˜∗σ˜. Pick a point z ∈ N˜ , and note that
|(h˜∗θ)z|h˜∗g˜ =max{(h˜
∗θ)z[v] : ‖v‖h˜∗ g˜ = 1, v ∈ TzN˜}
=max{θ
h˜(z)
[h˜∗v] : ‖h˜∗v‖g˜ = 1, v ∈ TzN˜}
≤max{θ
h˜(z)
(v) : ‖v‖g˜ = 1, v ∈ Th˜(z)M˜}
=|θ
h˜(z)
|g˜.
We can thus estimate
uh∗σ(s) ∼ inf
θ∈Ph∗σ
sup
z∈B
N˜,x
(s)
|θz|h˜∗g˜
. inf
θ∈Pσ
sup
z∈B
N˜,x
(s)
|(h˜∗θ)z|h˜∗g˜
. inf
θ∈Pσ
sup
z∈B
N˜,x
(s)
|θ
h˜(z)
|g˜
. inf
θ∈Pσ
sup
z∈B
M˜,h˜(x)
(s)
|θz|g˜
∼uσ(s),
which concludes the proof.

Corollary 2.6. If (M,ω) is a symplectically hyperbolic manifold, then∫
f(T2)
ω = 0
for any immersion f : T2 →M .
Proof. If the integral is non-zero, then [f∗ω] 6= 0 in H2(T2,R). By Proposition 2.2, Example
2.3 and Proposition 2.5, we deduce the following contradiction:
s ∼ uf∗ω(s) . uω(s) ∼ 1.

Indeed, Corollary 2.6 holds true for any smooth map f : T2 →M and the proof is almost
the same, see [Ke¸d].
2.2. Flux homomorphism. Let ϕ ∈ Symp0(M,ω) and {ϕt}t∈[0,1] a path of symplectomor-
phisms such that ϕ0 = 1l and ϕ1 = ϕ. Let Yt be the generating vector field,
d
dt
ϕt = Yt ◦ ϕt. (2.1)
Since the Lie derivative LYtω vanishes, we get a closed 1-form ιYtω for each t ∈ [0, 1].
Definition 2.7. The flux homomorphism F˜lux : S˜ymp0(M,ω)→ H
1(M,R) is defined as
F˜lux
(
{ϕt}
)
=
∫ 1
0
[ιYtω] dt,
where [α] is the cohomology class of a form α.
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The kernel of S˜ymp0(M,ω)→ Symp0(M,ω) can be identified with the fundamental group
π1(Symp0(M,ω)). We denote by Γω ⊂ H
1(M,R) the image of π1(Symp0(M,ω)) by F˜lux and
we call Γω the flux group of (M,ω). Then F˜lux descends to a homomorphism
Flux : Symp0(M,ω)→ H
1(M,R)/Γω.
The next well-known fact is proved in [MS].
Theorem 2.8. Ham(M,ω) = kerFlux .
Proposition 2.9 ([Ke¸d], [Pol]). Let (M,ω) be a symplectically hyperbolic manifold, then the
flux group Γω = 0 in H
1(M,R).
The atoroidal property of ω,
∫
f(T2) ω = 0 for any smooth f : T
2 →M , is important in the
proof of Proposition 2.9. We then have
Flux : Symp0(M,ω) → H
1(M,R).
2.3. Hamiltonian structures. Let Σ be a closed connected orientable manifold of dimension
2n+1. A Hamiltonian structure on Σ is a closed 2-form ω such that ωn is nowhere vanishing.
So its kernel kerω defines a 1-dimensional foliation which we call the characteristic foliation
of ω.
Definition 2.10. A Hamiltonian structure (Σ, ω) is called stable if there exists a 1-form λ
such that
kerω ⊂ ker dλ, λ ∧ ωn > 0. (2.2)
We call the 1-form λ a stabilizing 1-form. This structure defines the Reeb vector field R by
λ(R) = 1, ιRω = 0.
Definition 2.11. A Hamiltonian structure is called virtually contact if there is a covering
p : Σ̂→ Σ and a primitive λ ∈ Ω1(Σ̂) of p∗ω such that
sup
x∈Σ̂
|λx| ≤ C <∞, inf
x∈Σ̂
λ(R) ≥ µ > 0, (2.3)
where | · | is the lifting of a metric on Σ and R is the pullback of a non-vanishing vector field
generating kerω.
3. Hamiltonian structures on mapping tori
3.1. Standard and twisted Hamiltonian structures. For a symplectically hyperbolic
manifold (M,ω) and a symplectomorphism ϕ ∈ Symp0(M,ω), we consider the mapping torus
Mϕ of M with respect to ϕ,
Mϕ =
M × [0, 1]
(m, 0) ∼ (ϕ(m), 1)
. (3.1)
Now we consider two Hamiltonian structures on the mapping tori M1l, Mϕ. The trivial
mapping torus M1l ∼= M × S
1 carries the Hamiltonian structure ω1l := π
∗ω, where π : M1l →
M : (m, θ) 7→ m. The non-trivial oneMϕ carries the Hamiltonian structure ωϕ := π
∗
ϕω, where
πϕ : Mϕ → M : (m, θ) 7→ m. The Hamiltonian structure ωϕ is a well-defined 2-form on Mϕ,
since ϕ∗ω = ω. Note that the kernel of both Hamiltonian structures are spanned by ∂
∂θ
. Let
us choose a path of symplectomorphisms {ϕt}t∈[0,1] from ϕ0 = 1l to ϕ1 = ϕ. The twisting
map f :M1l →Mϕ is defined by
f(m, θ) = (ϕθ(m), θ). (3.2)
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Lemma 3.1. Let (M1l, ω1l), (Mϕ, ωϕ) and f :M1l →Mϕ be as above, then we obtain
f∗ωϕ = ω1l − π
∗(ιYθω) ∧ π
∗
θdθ, (3.3)
where πθ :M1l → S
1 : (m, θ) 7→ θ.
Proof. Let (mi, θi) be tangent vectors in T(m,θ)M1l, i = 1, 2. We identify TθS
1 with R, so θi
is considered as an element of R. We compute f∗ωϕ as follows:
(f∗ωϕ)x
(
(m1,θ1), (m2, θ2)
)
= (ωϕ)f(x)
(
f∗(m1, θ1), f∗(m2, θ2)
)
=(ωϕ)f(x)
(
(dϕθ(m)[m1] + θ1 · Yθ[ϕθ(m)], θ1), (dϕθ(m)[m2] + θ2 · Yθ[ϕθ(m)], θ2)
)
=(ωϕ)f(x)
(
(θ1 · Yθ[ϕθ(m)], 0), (dϕθ(m)[m2], θ2)
)
+ (ωϕ)f(x)
(
(dϕθ(m)[m1], θ1), (θ2 · Yθ[ϕθ(m)], 0)
)
+ (ωϕ)f(x)
(
(θ1 · Yθ[ϕθ(m)], 0), (θ2 · Yθ[ϕθ(m)], 0)
)
+ (ωϕ)f(x)
(
(dϕθ(m)[m1], θ1), (dϕθ(m)[m2], θ2)
)
.︸ ︷︷ ︸
=:⋄
Here Yθ is the vector field defined in (2.1). The third summand vanishes since ωϕ is skew-
symmetric. In order to simplify the ⋄-term we compute
⋄ =(π∗ϕω)f(x)
(
(dϕθ(m)[m1], θ1), (dϕθ(m)[m2], θ2)
)
=ωϕθ(m)(dϕθ(m)[m1], dϕθ(m)[m2])
=(ϕ∗θω)m(m1,m2)
=ωm(m1,m2),
(3.4)
where the last equality comes from the assumption that ϕθ : M →M is a symplectomorphism.
We also know
(ω1l)x
(
(m1, θ1), (m2, θ2)
)
=(π∗ω)x
(
(m1, θ1), (m2, θ2)
)
=ωm(m1,m2).
(3.5)
By combining (3.4), (3.5) we obtain
(ω1l)x
(
(m1, θ1), (m2, θ2)
)
= (ωϕ)f(x)
(
(dϕθ(m)[m1], θ1), (dϕθ(m)[m2], θ2)
)
. (3.6)
Hence the difference between f∗ωϕ and ω1l is
(f∗ωϕ − ω1l)x
(
(m1, θ1), (m2, θ2)
)
=(ωϕ)f(x)
(
(θ1 · Yθ[ϕθ(m)], 0), (dϕθ(m)[m2], θ2)
)
+ (ωϕ)f(x)
(
(dϕθ(m)[m1], θ1), (θ2 · Yθ[ϕθ(m)], 0)
)
=ωϕθ(m)
(
dϕθ(m)[m1], θ2 · Yθ[ϕθ(m)]
)
+ ωϕθ(m)
(
θ1 · Yθ[ϕθ(m)], dϕθ(m)[m2]
)
.
(3.7)
On the other hand, we have(
π∗(ιYθω) ∧ π
∗
θdθ
)
x
(
(m1, θ1), (m2, θ2)
)
=
(
π∗(ιYθω) ∧ π
∗
θdθ
)
f(x)
(
(dϕθ(m)[m1], θ1), (dϕθ(m)[m2], θ2)
)
=(ιYθω)ϕθ(m)
(
dϕθ(m)[m1]
)
· (dθ)θ(θ2)
− (ιYθω)ϕθ(m)
(
dϕθ(m)[m2]
)
· (dθ)θ(θ1)
=ωϕθ(m)
(
Yθ[ϕθ(m)], dϕθ(m)[m1]
)
· θ2
− ωϕθ(m)
(
Yθ[ϕθ(m)], dϕθ(m)[m2]
)
· θ1.
(3.8)
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By combining (3.7) and (3.8), we conclude (3.3). This proves the lemma. 
Remark 3.2. The Hamiltonian structure ωϕ on Mϕ has its kernel spanned by
∂
∂θ
. If there
exists a closed orbit γ : S1 →Mϕ of
∂
∂θ
, then its projection π◦γ : S1 →M gives us a symplectic
fixed point with respect to ϕ ∈ Symp0(M,ω). One can easily check that (f
∗ωϕ)(
∂
∂θ
−Yθ) = 0.
This implies that the vector field ∂
∂θ
− Yθ spans ker f
∗ωϕ on M1l. The closed orbit of
∂
∂θ
− Yθ
also can be interpreted as a fixed point of the flow of the vector field of Yθ.
3.2. Cofilling function of Hamiltonian structures.
Proposition 3.3. Let (M,ω) be a symplectically hyperbolic manifold and ϕ ∈ Symp0(M,ω).
If Flux (ϕ) 6= 0 then the Hamiltonian structure f∗ωϕ ∈ Ω
2(M1l) satisfies uf∗ωϕ(s) & s.
Proof. First recall that
f∗ωϕ = ω1l − π
∗(ιYθω) ∧ π
∗
θdθ. (3.9)
Since our symplectic manifold (M,ω) is symplectically hyperbolic, the standard Hamiltonian
structure ω1l = π
∗ω ∈ Ω2(M1l) admits a bounded primitive π˜
∗λ on M˜ ×R, where ω˜ = dλ and
π˜ : M˜ × R→ M˜ is the lift of π.
Now we consider the twisted term π∗(ιYθω)∧π
∗
θdθ. Since Flux (ϕ) is nontrivial in H
1(M,R),
there exists a ∈ π1(M) such that 〈Flux (ϕ), a〉 6= 0, where a stands for the image of a in
H1(M,Z) under the Hurewicz homomorphism. Choose an immersed curve γ : S
1 → M such
that [γ] = a.
Let us consider the induced immersion of T2
h : T2 →M1l =M × S
1
(t, θ) 7→ (γ(t), θ).
Then with (3.9) we calculate
−
∫
h(T2)
f∗ωϕ =
∫
h(T2)
ιYθω ∧ dθ
=
∫ 1
0
∫ 1
0
ιYθω
[
dγ
dt
]
dt dθ
=
∫ 1
0
(∫ 1
0
ιYθω dθ
)[
dγ
dt
]
dt
=〈Flux (ϕ), a〉
6=0.
This implies that [h∗f∗ωϕ] 6= 0 in H
2(T2,R). From Example 2.3 and Proposition 2.5, we have
uf∗ωϕ(s) & uh∗f∗ωϕ(s) ∼ s.

Remark 3.4. Let (M,ω) be a symplectically hyperbolic manifold and ϕ ∈ Symp0(M,ω)
with Flux (ϕ) = 0. The induced Hamiltonian structure (Mϕ, ωϕ) is then a new example of a
virtually contact structure.
Indeed, a covering of Mϕ is given by
M̂ϕ :=
M˜ × [0, 1]
(m˜, 0) ∼ (ϕ˜(m˜), 1)
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with a covering map p̂ : M̂ϕ → Mϕ : (m˜, θ) 7→ (m, θ) where ϕ˜ : M˜ → M˜ is the lift of
ϕ : M → M . Note that M̂1l = M˜ × S
1. To obtain a primitive of the Hamiltonian structure,
we need the following notations:
f̂ : M̂1l → M̂ϕ : (m˜, θ) 7→ (ϕ˜θ(m˜), θ);
π̂ : M̂1l → M˜ : (m˜, θ) 7→ m˜.
With this covering we obtain a primitive of (M̂ϕ, p̂
∗ωϕ) ∼= (M̂1l, f̂
∗p̂∗ωϕ) as follows:
f̂∗p̂∗ωϕ = p̂
∗f∗ωϕ
= p̂∗(ω1l − π
∗(ιYθω) ∧ π
∗
θdθ)
= d(π̂∗λ− p̂∗hθdθ +Kdθ︸ ︷︷ ︸
=:λ̂
).
Here λ is a bounded primitive of ω˜ ∈ Ω2(M˜ ), hθ ∈ C
∞(M) is a time-dependent Hamiltonian
function corresponding to the Hamiltonian diffeomorphism ϕθ and K is a constant fixed later
on.
Since λ, hθ and K are bounded, the primitive λ̂ is obviously bounded. To verify the second
condition of a virtually contact structure in (2.3), let R be the lifted vector field of ∂
∂θ
− Yθ
on M̂1l. Then we have
λ̂(R) = K − λ(Y˜θ)− h˜θ,
where Y˜θ, h˜θ are the lifts of Yθ, hθ to the universal cover M˜ . We guarantee λ̂(R) ≥ µ by
taking
K = ‖λx‖∞max
θ∈S1
‖Yθ‖∞ +max
θ∈S1
‖hθ‖∞ + µ.
Corollary 3.5. Let (M,ω) be a symplectically hyperbolic manifold and (Mϕ, ωϕ) be the map-
ping torus with the induced Hamiltonian structure. If ϕ is not Hamiltonian, then (Mϕ, ωϕ)
admits a stable Hamiltonian structure but no virtually contact structure.
Proof. Let f : M1l → Mϕ be the twisting map defined in (3.2). As mentioned in Remark
3.2 ker(f∗ωϕ) is spanned by the vector field
∂
∂θ
− Yθ. In order to define a stable structure on
(Mϕ, ωϕ) ∼= (M × S
1, f∗ωϕ), we choose the stabilizing 1-form λ in Definition 2.10 as π
∗
θdθ.
Since λ = π∗θdθ is closed, the first condition in (2.2) holds trivially. Using (3.9) one verifies
that λ∧ (f∗ωϕ)
n = π∗θdθ∧π
∗ωn, 2n = dimM , and this form vanishes nowhere, which implies
that the second condition in (2.2) also holds true. Thus (Mϕ, ωϕ) admits a stable Hamiltonian
structure with a stabilizing 1-form π∗θdθ. By Proposition 3.3, the Hamiltonian structure ωϕ
has a cofilling function of at least linear type. This means that there is no bounded primitive of
ωϕ even in the universal cover and hence (Mϕ, ωϕ) cannot be a virtually contact structure. 
3.3. Metrics on Hamiltonian structures. In order to obtain primitives of the Hamiltonian
structures (M1l, ω1l), (Mϕ, ωϕ), we now consider the lifted structures on the universal covers.
The lifted Hamiltonian structure (M˜1l, ω˜1l) is clearly isomorphic to (M˜ × R, π˜
∗ω˜), where π˜ :
M˜ × R → M˜ : (m˜, r) 7→ m˜. Note that M˜ϕ = M˜ × R and ω˜ϕ = π˜
∗
ϕω˜, where π˜ϕ : M˜ϕ → M˜ is
the lift of πϕ : Mϕ →M . Since π˜ = π˜ϕ, we have (M˜ϕ, ω˜ϕ) ∼= (M˜ × R, π˜
∗ω˜).
Even though both lifted structures (M˜1l, ω˜1l), (M˜ϕ, ω˜ϕ) are isomorphic to (M˜×R, π˜
∗ω˜), they
have different deck transformations as follows: An element n ∈ Z ∼= π1(S
1) →֒ π1(M1l) induces
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a translation (m˜, r) 7→ (m˜, r+n) on the universal cover M˜1l, while n ∈ Z ∼= π1(S
1) →֒ π1(Mϕ)
act by (m˜, r) 7→ (ϕ˜n(m˜), r + n) on M˜ϕ. Here ϕ˜
n is the n-th iterate of ϕ˜.
We next consider the lift f˜ : M˜1l → M˜ϕ of f : M1l → Mϕ. Since M˜1l = M˜ × R = M˜ϕ, it
suffices to define
f˜ : M˜ × R→ M˜ × R
(m˜, r) 7→ (ϕ˜r(m), r).
Here ϕ˜r = ϕ˜r−⌊r⌋ ◦ ϕ˜
⌊r⌋, where ⌊r⌋ is the largest integer not greater than r and ϕ˜θ is the lift
of ϕθ for 0 ≤ θ < 1. We summarize the Hamiltonian structures, maps and their lifts in the
following diagram:
(M˜, ω˜)
p

(M˜1l, ω˜1l)
pioo
p1l

f˜
// (M˜ϕ, ω˜ϕ)
pϕ

(M,ω) (M1l, ω1l)
pioo
f
// (Mϕ, ωϕ)
(3.10)
Here p1l, pϕ are the natural projections.
Now we consider Riemannian metrics on the above spaces. Let g be a Riemannian metric
on M , gθ be the standard metric on S
1 = R/Z which is induced by the Euclidean metric on
R. We consider a product Riemannian metric g1l := g ⊕ gθ on M1l = M × S
1 and the lifts g˜,
g˜1l to the corresponding universal covers M˜ , M˜ × R.
The lifted Hamiltonian structure (M˜ϕ, ω˜ϕ) ∼= (M˜ × R, π˜
∗ω˜) admits a bounded primitive
π˜∗λ ∈ Ω1(M˜ϕ), i.e. d(π˜
∗λ) = π˜∗ω˜, with respect to g˜1l. Here the primitive 1-form λ ∈ Ω
1(M˜ )
exists and is bounded with respect to g˜, since our manifold (M,ω) is symplectically hyperbolic.
This immediately implies that the pull-back f˜∗ω˜ϕ also has a bounded primitive with respect
to the pull-back metric f˜∗g˜1l. By Proposition 3.3, however, f˜
∗ω˜ϕ never admits a bounded
primitive with respect to the metric g˜1l, when ϕ is a non-Hamiltonian symplectomorphism.
Note in particular that f˜∗g˜1l cannot be expressed as a lift of a Riemannian metric on M1l.
We now investigate the pull-back metric f˜∗g˜1l on M˜1l. For n ∈ Z ⊂ R, (m˜, n) ∈ M˜1l and
(m˜i, 0) ∈ T(m˜,n)M˜1l, we have
(f˜∗g˜1l)(m˜,n)
(
(m˜1, 0), (m˜2, 0)
)
=(g˜1l)f˜(m˜,n)
(
f˜∗(m˜1, 0), f˜∗(m˜2, 0)
)
=(g˜1l)f˜(m˜,n)
(
(dϕ˜n(m˜)[m˜1], 0), (dϕ˜
n(m˜)[m˜2], 0)
)
=g˜ϕ˜n(m˜)
(
dϕ˜n(m˜)[m˜1], dϕ˜
n(m˜)[m˜2]
)
=gϕn(m)
(
dϕn(m)[m1], dϕ
n(m)[m2]
)
,
(3.11)
where m = p(m˜) and mi = p∗(m˜i).
4. Proof of Main Theorem
When ϕ is Hamiltonian diffeomorphism on (M,ω), as mentioned in the introduction,
Polterovich’s result implies Γn(ϕ) & n. So we only need to consider a symplectomorphism
ϕ ∈ Symp0(M,ω) with a non-vanishing flux.
A crucial observation in this article is the following. We can choose a primitive f˜∗π˜∗λ ∈
Ω1(M˜1l) of f˜
∗ω˜ϕ which is bounded with respect to the twisted metric f˜
∗g˜1l. But f˜
∗π˜∗λ has
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at least linear growth with respect to the standard metric g˜1l by Proposition 3.3. Now we
interpret the difference between g˜1l and f˜
∗g˜1l as a lower bound for the growth rate of Γn(ϕ).
Let us fix a primitive
f˜∗π˜∗λ = π˜∗λ+ r · π˜∗(ι
Y˜r
ω˜) (4.1)
of f˜∗ω˜ϕ in Lemma 3.1. Here r is the coordinate for R = S˜
1 and Y˜r is the lift of Yθ to M˜1l.
Without loss of generality, we may assume that [ιYtω] ∈ H
1(M,R) is non-trivial for t = 0
which implies that max
z∈M˜
|(ι
Y˜n
ω˜)|g˜ is positive for all n ∈ N ⊂ R. Now we pick a point
m ∈M such that
|(ιY0ω)m|g = |(ιY˜n ω˜)m˜|g˜ > 0, ∀n ∈ N ⊂ R.
Since |π˜∗λ|g˜1l is bounded,
|(f˜∗π˜∗λ)(m˜,n)|g˜1l ∼ n · |(ιY˜n ω˜)m˜|g˜ ∼ n, ∀n ∈ N ⊂ R.
By definition of the norm, there is a sequence of tangent vectors {Xn}n∈N, Xn ∈ T(m˜,n)M˜1l
which meets the following conditions:
• ‖Xn‖g˜1l = ‖π˜∗Xn‖g˜ = ‖p∗π˜∗Xn‖g = 1, ∀n ∈ N;
• (f˜∗π˜∗λ)(m˜,n)(Xn) ∼ n,
where π˜ : M˜1l → M˜ , p : M˜ →M are as in (3.10). We can assume that Xn has no r-component,
because f˜∗π˜∗λ in (4.1) has no dr-part.
Now we change the metric g˜1l to f˜
∗g˜1l on M˜1l
n ∼(f˜∗π˜∗λ)(m˜,n)(Xn)
≤ sup
z∈M˜1l
|(f˜∗π˜∗λ)z |f˜∗g˜1l
· ‖Xn‖f˜∗g˜1l
= sup
z∈M˜ϕ
|(π˜∗λ)z|g˜1l · ‖Xn‖f˜∗g˜1l
≤C · ‖Xn‖f˜∗ g˜1l
,
where the constant C > 0 comes from the fact that π˜∗λ is bounded with respect to the metric
g˜1l. Since the tangent vector Xn has no r-direction, we can use (3.11) to obtain
n2 .‖Xn‖
2
f˜∗g˜1l
=(f˜∗g˜1l)(m˜,n)(Xn,Xn)
=gϕn(m)
(
dϕn(m)[p∗π˜∗Xn], dϕ
n(m)[p∗π˜∗Xn]
)
≤ max
m∈M
|dϕn(m)|2g · g(p∗π˜∗Xn, p∗π˜∗Xn)
= max
m∈M
|dϕn(m)|2g.
Hence we conclude that maxm∈M |dϕ
n(m)|g has at least linear growth.
References
[Fl] A. Floer, Morse theory for Lagrangian intersections, J. Differential Geom. 28, 513–543, (1988).
[Gro1] M. Gromov, Ka¨hler hyperbolicity and L2-Hodge theory, J. Differential Geom. 33, 263?-292, (1991).
[Gro2] M. Gromov, Asymptotic invariants in group theory, Geometric group theory II, G.A. Niblo and M.A.
Roller, London Math. Soc. Lecture Notes 182, (1993).
THE GROWTH SEQUENCE OF SYMPLECTOMORPHISMS 11
[Ke¸d] J. Ke¸dra, Symplectically hyperbolic manifolds, Differential Geometry and its Applications, 27, 455–463,
(2009).
[MS] D. McDuff, D. Salamon, Introduction to symplectic topology, Oxford Mathematical Monographs, Oxford
University Press, 1995.
[Pol] L. Polterovich, Growth of maps, distortion in groups and symplectic geometry, Invent. Math. 150,
655–686, (2002).
[Sch] M. Schwarz, On the action spectrum for closed symplectically aspherical manifolds, Pacific J. Math.
193, 419–461, (2000).
Youngjin Bae, Center for Geometry and Physics, Institute for Basic Science and Pohang Uni-
versity of Science and Technology (POSTECH), 77 Cheongam-ro, Nam-gu, Pohang-si, Gyeongsangbuk-
do, Korea 790-784
E-mail address: yjbae@ibs.re.kr
